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Abstract— We give a transtation in semi-group theory of
Wentzel-Freidlin estimates for Poisson process. We consider
the case of the upper bound.
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1. Introduction
The object of the large deviation theory [1] is to estimate
the logarithm of the probability of rare events. Bismut [2]
pointed out the relationship between large deviation esti-
mates and the Malliavin Calculus in order to get short time
asymptotics of heat kernels associated to diffusion semi-
groups. This relationship was fully performed by Léandre
in [3], [4]. The reader interested in short time asymptotics
of heat-kernels by using the Malliavin Calculus as a tool
can look at the review of Léandre [5], Kusuoka [6], and
Watanabe [7].
Léandre has translated plenty of tools of stochastic analy-
sis in semi-group theory by using the fact that in the proof of
these tools, there are suitable stochastic differential equations
and therefore suitable parabolic equations which appear. We
refer to the review of Léandre [8], [9] on that.
We consider the symbol (x, ξ)→ H(x, ξ) of the operator.
We consider the operator Lh associated to the symbol
Hh(x, ξ) = H(x, hξ). We consider the heat-equation as-
sociated to 1/hLh and his behaviour when h→ 0. Since in
this case, we have a probability semi-group, it is convenient
to study lower-bound and upper-bound of the behaviour
when h → 0 of its solution. In semi-classical analysis
[10], people consider the Schroedinger equation associated
to 1/hLh. In such a case there is no representation of the
solution of it by using probability measures, and people look
asymptotics expansion of the solution of the Schroedinger
equation whose main term is oscillatory.
2. Statement of the main theorem
Let µ(x, dz) = g(x, z)dz be a positive measure (it is the
Levy measure associated to the jump process) on Rd such
that supx
∫
Rd
|z|2µ(x, dz) < ∞.We suppose that (x, z) →
g(x, z) is continuous if z 6= 0. We introduce the Hamiltonian
defined for (x, ξ) ∈ R× Rd
H(x, ξ) =
∫
Rd
(exp[< z, ξ >]− 1− < z, ξ >)µx(dz) (1)
Hypothesis H.1H is continuous, bounded uniformy in x
by H1(ξ), a convex function on Rd.
We consider the Legendre transform of H
L(x, α) = sup
ξ
{< α, ξ > −H(x, ξ)} (2)
Hypothesis H.2:The function (x, α) → L(x, α) is finite,
twice differentiable in α. For all R, there exists M and m
such that L(x, α) ≤M , | ∂
∂α
L(x, α)| ≤M and such that the
Hessian in α of L is larger than mId if |α| ≤ R. Moreover
sup
|x−x′|<δ′
sup
α
|L(x′, α)− L(x, α)|
1 + L(x, α)
→ 0 (3)
when δ′ → 0.
Hypothesis H.3: The Legendre transform L1 of H1
satisfies for all C to, L1(α) ≥ C|α| for |α| ≥ KC .
We consider a piecewise C1 curve φ(t) and we consider
the action:
S(φ) =
∫ 1
0
L(φ(t), d/dtφ(t))dt (4)
We put
l(x, y) = inf
φ(0)=x,φ(1)=y
S(φ) (5)
Under the previous assumption, (x, y)→ l(x, y) is continu-
ous. We define the generator Lh defined on smooth functions
with bounded derivatives at each order
Lhf(x) =∫
Rd
(f(x+ hz)− f(x)− h < z, f ′(x) >)µx(dz) (6)
Under these previous assumptions, we will get in the se-
quel Markovian semi-group. In particular, 1/hLh generates
a semi-group P ht . In such a case, P ht is a semi-group in
probability measures ([11], [1])
Theorem (Wentzel-Freidlin [1])Let O be an open ball of
R
d
. When h→ 0,
limhLogP h1 [1O](x) ≤ − inf
y∈O
l(x, y) (7)
In [12], we have proved the opposite inequality. For the
case of diffusion, we refer to [13], [14].
Remark:H(x, iξ) is the symbol associated to L1 ([11]).
3. Proof of the theorem
It is the translation in semi-group theory of the proof of
[1], p 150-151-152-153.
Let us consider C ∈ Rd. We consider the generator on
R
d × R
L
h
f(x, y) =
1
h
∫
Rd
(f(x+hz, y)− f(x, y)−h < z, f ′x(x, y) >)µx(dz)+
1
h
f ′y(x, y)H(x,C) (8)
We remark that
L
h
exp[< C, x > −y] = 0 (9)
L
h generates a semi-group P ht . By an argument similar to
[15]„ we deduce that:
P
h
t [exp[< C, . > −(.)]](x, 0) = exp[< C, x >] (10)
It is the analog in semi-group theory of the celebrated expo-
nential martingales of stochastic Calculus. But H(x,C) ≤
H1(C) such that
1 ≥ P ht [exp[< C, .− x >]](x) exp[−t/hH1(C)] (11)
We deduce that if B(x,R) is the ball of center x and radius
R
P ht [1B(x,R)c ](x) ≤ exp[t/hH1(C)] exp[−|C|R/h] (12)
We deduce that if R is enough big, that P ht [1B(x,R)c ](x) has
a quick exponential decay. We can replace the inequality (12)
by
P ht [1B(x,R)c ](x)
≤
∑
i
exp[t/hH1(C)] exp[− < C,Ri > /h] (13)
where Ri is the a finite set of element of Rd such that
|C|R =< C,Ri > for one of these. Therefore
P ht [1B(x,R)c ](x) ≤
∑
i
exp[−t/hL1(Ri/t)] (14)
By Hypothesis H.3, we deduce that if t is small
P ht [1B(x,R)c ](x) has a quick exponential decay if R is very
small.
We consider ∆t small and take tk = k∆t. Because we
consider a semi-group in probability measures, we deduce
on the set of polygonal curves l ((0, x), (t1, x1), ..., (tn, xn))
(tn = 1) a probability measure Wh∆t(x). The problem is
to get an upper-bound of Wh∆t(x)[1O(xn)]. By using the
previous exponential inequalities„ we can consider only the
polygonal curves l such that |xi| ≤ R and such that if ∆t is
chosen small enough that |xi+1 − xi| ≤ δ for a very small
δ. We get a set E of polygonal curves.
Wh∆t(x)[1E1O(xn)]
≤Wh∆t(x)[1E exp[S(l)/h]] exp[− inf
y∈O
l(x, y)/h] (15)
By our assumption of the choice of l ∈ E, we have
S(l) =
n−1∑
i=0
∫ ti+1
ti
L(ls,
xi+1 − xi
∆t
)ds ≤
(1 + χ)∆t
n−1∑
i=0
L(xi,
xi+1 − xi
∆t
) + χ =
∑
S˜(xi, xi+1) + χ (16)
for a small χ.
The sequel follows closely the lines of [1] p 152. We can
choose some points αi such that if we put
L′(x, α) = sup
i
[L(x, αi)+ <
∂
∂α
L(x, αi), α− αi >] (17)
then
L(x, α)− L′(x, α) ≤ χ (18)
for |α| ≤ R. We can recognize in L′(x, α) the expression
L′(x, α) = sup
i
[< βi, α > −H(x, βi)] (19)
where βi = ∂∂αL(x, αi) depends on x. It is enough to show
by the Markov property that
sup
x
P h∆t[exp[S˜(x, .)/h]](x) (20)
has only a small exponential blowing up when h → 0. By
using (18), it is enough to show that
sup
x
P h∆t[∆t(1 + χ)L
′(x, (. − x)/∆t)/h]](x) (21)
has a small exponential blowing up when h→ 0. By using
the inequality
exp[sup ai] ≤
∑
exp[ai]) (22)
it is enough to show that
sup
x
P h∆t[exp[(1 + χ)/h[< βi, .− x > −∆tH(x, βi)]](x)
(23)
has a small exponential blowing-up when h → 0. We
consider the semi group P h,i,y1t on Rd × R associated to
L
h,i,y1
=
1
h
∫
Rd
(f(x+hz, y)− f(x, y)−h < z, f ′x(x, y) >)µx(dz)+
1
h
f ′y(x, y)H(x, (1 + χ)βi(y1)) (24)
because βi depends on y1. We have as in (8)
P
h,i,x
t [exp[< (1 + χ)βi, . > −(.)]](x, 0) =
exp[< (1 + χ)βi, x >] (25)
Since we have a semi-group in probability measures, it is
enough to estimate by the Hoelder inequality
P
h,i,x
t [exp[y − tH(x, βi)(1 + χ)/h]](x, 0) = γt (26)
We don’t enter in the technicalities which arise from the
change of exponent when we use the Hoelder inequality.
d/dtγt =
P
h,i,x
t [exp[y − tH(x, βi)(1 + χ)/h]
1/h(H(., (1 + χ)βi)−H(x, βi)(1 + χ))](x, 0) (27)
We distinguish if |H(., (1 + χ)βi)−H(x, βi)(1 + χ)| ≥ δ′
or not and we remark by argument of the beginning of the
proof for t small enough, for a small δ′ and a big C
P
h,i,x
t [|H(., (1 + χ)βi)−H(x, βi)(1 + χ)| ≥ δ
′](x, 0)
≤ exp[−C/h] (28)
For this same probability law, y and tH(x, βi)(1+χ)/h are
bouded by C1t/h. We deduce that for a small δ′, we get the
inequality for a big C
|d/dtγt| ≤ δ
′/hγt + exp[−C/h] (29)
The result arises by Gronwall lemma.♦
4. Conclusion
We have translated in this note as well as in [12] some
basical tools of the stochastic analysis on Poisson processes.
Others basical tools were translated in [15] and [16].
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